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contain 4x107 pages. Two reams of 
paper are 1,000 = 103 pages, so this is 
8x104 reams. Clearly, 80,000 reams was 
much more paper than could possibly 
fit into the bottom drawer of his desk, 
much less his office, or even his statis-
tics building. The story is a delightful 
yarn about Tukey’s personality rather 
than the truth.

This example illustrates a common 
practice: we perform quick calcula-
tions to convert a number representing 
one thing to another. For instance, how 
many seconds are in a year? You would 
perform the following calculation 
(with the help of your envelope):

I
N  OUR  PROF ES S IONAL practice, 
we are often called to perform 
rapid, approximate calcula-
tions without a calculator. Any 
available scrap of paper such 

as an envelope will do to scribble on. 
These calculations are more than 
guesses but less than accurate math-
ematical proofs. Such scribblings can 
become the stuff of legend. How many 
times have we heard stories about suc-
cessful and influential startup compa-
nies being born on the backs of nap-
kins in the pub?

One consummate performer of 
such approximate calculations was 
the physicist Enrico Fermi, who fa-
mously estimated the TNT energy 
release equivalent of the first atomic 
bomb test in the New Mexico desert in 
July 1945 by dropping scraps of paper 
and measuring how far they moved as 
the shock wave passed by. Fermi had a 
quick approximation formula and the 
movement of the paper was its param-
eter. While his estimate had to be cor-
roborated by more rigorous methods, 
the use of these so-called “back-of-the-
envelope” calculations can often lead 
to startlingly useful results.

The famous Princeton statistician 
John Tukey was said by his colleagues 
to be constantly engrossed in solv-
ing problems. One day, a story goes, 
someone interrupted him to ask for 
the answer to a calculation. With-
out looking up, Tukey grumbled, 
“Would 10 digits of accuracy be suf-
ficient?” The interrupter said, “Of 
course, that is more than enough!” 
Tukey reached the bottom drawer 
of his desk and pulled out a sheaf of 

computer printout. He said, “This is a 
printout of all 10-digit numbers. Your 
answer is in here. Look it up.”

Since I knew and admired John 
Tukey, I believed the part about his 
irascible reaction to interruptions. 
But I did not believe the part about the 
printout in his bottom drawer. So I did 
a back of envelope calculation to figure 
out how much paper would be needed 
to print all the 10-digit numbers on 
the one-sided printouts of the day. I 
estimated that they could be printed 
four columns to a page, 60 lines to a 
page, for approximately 250 numbers 
per page. Then I took the number of 
10-digit numbers, 1010, and divided by 
250, to conclude the printout would 
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for variations. On some days, Tillet 
sells more than 50 bottles, other days 
less. There is no guarantee that he will 
have enough 10-year-old wine available 
on any given day.

Tillet’s formula is the famous Little’s 
Law.4 In 1961, operations researcher 
J.D.C. Little demonstrated that, over a 
long period of time, the average number 
of items in a queue is the product of the 
average waiting time and the through-
put. Although the proof was difficult, 
the formula became popular and cen-
tral in queueing theory. Tillet’s Law is 
not strictly the same as Little’s. Despite 
having the same form, they are different 
because they rest on different assump-
tions. Tillet’s Law deals with directly 
measured quantities, Little’s Law with 
steady-state statistical quantities.

Tillet’s form is called “operational 
Little’s Law” because it is so simple 
that it is almost obvious when you are 
working with real data.2,3 No compli-
cated math is needed to understand. A 
back-of-the-envelope calculation does 
the job.

Response Time Law
Further developing the business plan 
for his restaurant, Tillet was dismayed 
to discover that loyal customers were 
complaining about long delays to get 
a reservation. He had a mailing list of 
1,700 customers who returned to make 
a reservation an average of 30 days after 
their last meal. He wondered if he could 
calculate the time it takes for his restau-
rant to serve the next loyal customer af-
ter they called in for a reservation.

He realized that he could use his 
wine cellar formula to answer the ques-
tion. He assumed that each customer 
consumed one bottle of wine, so bot-
tles per day output became customers 

Notice a few things about these cal-
culations:

 ˲ They are a chain.
 ˲ Each step converts one measur-

able quantity into another.
 ˲ The units of the ratio of conversa-

tion are shown at each step.
 ˲ The successive steps cancel the 

previous units of measurement, yield-
ing the final unit at the end.

Keeping track of the units is some-
times called “dimensional analysis” 
and gives us trust in the results of the 
calculation. In other words, the artful 
back-of-the-envelope calculation is also 
an exercise in dimensional analysis.

With the aid of additional examples, 
I would like to show you how Little’s 
Law, a famous formula from statistics, 
can arise from dimensional analysis. 
You do not need to know any statistics 
to follow what is going on and see how 
incredibly useful it is.

Little’s Law
A certain Monsieur Tillet, retired alge-
bra teacher, opens a gourmet restau-
rant. He maintains a wine cellar of Bor-
deaux red wines. He wants to serve his 
wines at the ideal age of 10 years. He is 
open 365 days per year and on average 
sells 50 bottles of wine each day. How big 
must his cellar be? The answer seems 
pretty obvious: over the 10-year period 
an average of 50x365x10 = 18,250 bottles 
are extracted from his cellar and are 
all replaced. Therefore, the cellar 
must hold 18,250 bottles. (At 12 bottles 
per case, that is 1,521 cases, a fairly 
large cellar.) 

For future reference he represents 
his calculation with the formula:

Where N = average number of bottles, 
H = holding time, and X output rate. 
He verifies his formula by checking 
the dimensions. X is bottles/year, H is 
years, and therefore N has dimension 
“bottles.” This formula is a law—an in-
variant relationship between the three 
measured quantities.

As you can see, Monsieur Tillet 
found this law by a dimensional analy-
sis of his wine cellar. He just multiplied 
the averages he could measure and 
canceled out their units so that the fi-
nal result had the proper units. Of 
course, this formula does not account 
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Nonetheless, dimensional analysis 
will often permit you to create a for-
mula that relates the quantities you 
know or can easily measure to the re-
sult you want. This column has dem-
onstrated that Little’s Law is really 
quite intuitive. If you know any two of 
its elements N, H, and X, you can easily 
calculate the third. I also showed a 
simple law for calculating the re-
sponse time of a system that has a 
fixed number of recycling customers. 
The response time law is really Little’s 
Law rearranged.

I went a little farther afield by apply-
ing Little’s Law to simple traffic jams. At 
reasonable (non-jam) speeds, the 
throughput depends mostly on the 
time-separation of cars, but not their 
speed. Most drivers try to maintain a 
constant time separation from the driv-
er ahead, except of course when in a 
traffic jam. It is easy to calculate the 
number of cars in the jam because they 
are packed closed together and each car 
occupies slightly more than a car length 
of space. The average number in the 
jam divided by the throughput is the av-
erage time a car is held in the jam.

If this method of analysis intrigues 
you, you can learn more about it. It is 
called operational analysis.1–3 Besides 
back-of-the-envelope calculations, it 
enables sophisticated calculations of 
throughputs and response times in 
networks of computers.

Clearly, there is more to back-of-
the-envelope calculations than sim-
ply scribbling numbers on a scrap of 
paper. It is a useful professional skill 
and, as Fermi and Tukey showed, even 
an art form. 
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per day served. The holding time be-
came the average time for a customer 
to cycle between average time waiting 
for a service, R, and average return time 
30 days. Filling in Little’s Law,

Solving gives R = 4 days. Having con-
firmed there was a problem, Tillet initi-
ated changes in his restaurant to keep 
these customers coming back.

Like Little’s Law, this formula ap-
pears in queueing theory for the aver-
age response time of a service system 
that has an average of N users, average 
away time Z seconds, and throughput X 
users/sec:

The away time is the time a custom-
er spends outside the server part of the 
system before returning. As you can 
see, this is a simple rearrangement of 
Little’s Law N=(R+Z)X.

Traffic Analysis
Tillet heard complaints from custom-
ers that there was a chronic traffic jam 
on the highway leading to his restau-
rant. The highway had a merge point 
where the road narrowed from two 
lanes to one. Customers approaching 
at 60 mph on the two-lane section sud-
denly had to slow and join a creeping 
jam 0.2 mi long before the merge, and 
then after the merge for another 0.1 mi 
before the speed picked up again to 60 
mph—a total of 0.5 mi of jammed cars. 
Tillet wanted to calculate how long it 
takes to cross the jam.

Once again he decided to use Little’s 
Law, where now H is the average time 
to cross the jam, X is the throughput, 
and N is the average number of cars in-
side the jam. But first, he needed to cal-
culate X and N.

From the drivers manual and his 
own driving experience Tillet knew 
that most people adjust their speed to 
maintain a three-second distance from 
the car ahead. This means an observer 
on the side of the road would see the 
next front bumper every 3+L seconds, 
where L is the time for the car to move 
one car length. At speed r mi/min and 
standard car length 15 ft.,

At r=1 (60 mph), the time between 
cars is 3.17 sec and throughput is

Because the speed is r before and af-
ter the jam, all Tillet needs now is N, 
the average number of cars caught in-
side the jam. This is easy. Inside the 
jam, each car occupies 20 ft. of 
space—15 ft. for its car length and 5 ft. 
as separation buffer. The total number 
of cars jammed into a mile would be 
5,280/20 = 264 and thus, because the 
actual jam occupies a total of 0.5 mi, 
the total in the jam is 132.

Now Tillet has what he needs for the 
calculation. Little’s law says H = N/X = 
132/18.9 = 7 mins. Although he was not 
happy with the jam, he told his custom-
ers that a seven-minute slowdown was 
well worth the fine food and wine they 
would get when they arrived.

Conclusion
Many back-of-the-envelope calcula-
tions involve dimensional analysis—
build your own formula by multiplying 
or dividing known quantities such that 
the units of the final answer are correct. 
Dimensional analysis provides the scaf-
folding for detecting errors in the con-
version formula. You need not remem-
ber the exact formula because you can 
easily construct it from dimensional 
analysis. There is, however, a caveat. Di-
mensional analysis is a quick check for 
the reasonableness of a calculation, but 
need not always yield the correct formu-
la. For example, in physics the formula 
for distance traveled by an object in 
time t starting at rest under a constant 
acceleration a is d = ½ at2. Dimensional 
analysis will confirm the proper units of 
d but won’t generate the factor ½.

No complicated  
math is needed  
to understand.  
A back-of-the-envelope  
calculation does  
the job.


